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Replacing the superscript ¢ in (3,6) and (3,7) by s and cos k@ and sin kg in the
right hand sides of {3, 7), we obtain the equation for V,;;°.

Since (3, 6) and the analogous equations for Vi ® are first order linear, they can be
easily integrated by quadratures, Insertion of the values of Vnu® and Vaw® thus obtained
into (3, 5), completes the solution of the problem.
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The first and second boundary value problems of the steady vibrations of a viscoelastic
body occupying a domain in the form of a plane with an infinite number of identical
circular holes which form an oblique-angled grating, are considered, The problems are
reduced to infinite systems of algebraic equations with normal-type determinant, Reason-
ing of a physical nature is utilized in providing the uniqueness of the solutions of these
systems,

An extensive literature has been devoted to periodic and doubly-periodic problems of
plane static elasticity theory, A very detailed exposition of the results obtained is con-
tained in the survey [1],

Letus place the origin Oy 0fa rg,, 0, polar coordinate system at the center of each of the
holes, where ry, is 2 dimensionless coordinate expressed in fractions of the hole radius R.

Let us introduce the following notation: I'y, is the contour of the gsth hole ; Rq,%,
8% the polar coordinates of the pole Ogg in the gsth coordinate system; U (8gs)e ™',
V(8gg)e ! displacement components given on I'y, (the second boundary value problem);
p (Gqs)e‘i“’f, T (qu)e'i"’t the normal and tangential components of the external forces
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applied to the contour Iy, (first boundary value problem),
As is known, two-dimensional problems of the steady vibrations of a linear viscoelastic
solid reduce to the solution of two equations

AD + o2 = 0, AY + ¥ =0 (1)
where «? and B* are some complex numbers with positive imaginary parts, Their expres-
sions in terms of the mechanical parameters of the body are defined by the customary

laws of viscoelasticity,
The boundary conditions on each of the contours I'y; can be represented in the form

aa2o+~1—(-63+i—-m I RCE S ), ) =Fi00)

Tgs \Orgs ' Tqs 0845° rgs 00gs 90501y, rgs= 1(Ygs

g (L Ly e s ey @
Tgs \Orgs ' Tgs 00g4%  rqs 90gs T 004edrys rgs=1 2(Vgs

where a = const == 0,b = const 5= 0 for the first boundary value problem
R R
Fy (eqs) = —'ﬁT’ p (eqa) and F» (qu) = EH—.—T (qu)
and a = b = 0 for the second boundary value problem

3V (8gs U (9
F1(0g) =R [U (Bgs) + —a—é—qf-)] Fy(8y) =R [ ae(q,q') v (eqs)]

Utilizing the method the authors used earlier in solving problems of elastic vibrations
in the case of multiconnected domains of finite connectivity [2], we write the solution

of (1) as (D"—’Z 2 2 AH, (arg) £, v — 2 Z Z BoHn (Brqs) £ @)
n q 8 n q s

where H, is the Hankel function of the first kind (*)

The constants 4, and &, can be determined from the boundary conditions on any of
the contours I'y,, for example on I'yy. To do this it is necessary to represent the poten-
tials @ and ¥ in the coordinates ry, and 8, which can be realized by utilizing the
following fromulas;: . 470 .

Ho, (ergs) emeqs = 2 Hn—p (CR;(S] )ez(n—p) % Jp (croo) i (roo < R?Ig (%)
p

Here J,, is a Bessel function of the first kind, After some manipulation we have

@ (rooy B00) = 2’ [AnHp (2re) + Sndn (2r00)] eino,,o

n

¥ (ro0, O00) = 2 {BnH, Broo) + Qnd n (Broo)] £i1100

6)

where -
Sa= 20 D ApH . (R expi(p—n) 6,
P q s
(6)
Qu= 2 ) 2 BpH o B 0xp i (p—m) O
P q 8

The primes on the sums in (6) mean that components for which ¢ = s = 0 have been
discarded therein,

*) Here and in the sums below the summation indices vary between — o0 and 4-oco.
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Let us expand the right sides of boundary conditions (2) in the Fourier series
Fi(Bo) =D f; " ¢=1, 2 )

EO)
Substituting (5) and (7) into (2) results in an infinite system of algebraic equations
with the unknowns 4, and B,

And, (@) 4 BaB, o B) =1y n—Sntt, (8} — Qntt, , B) ®
ha Anﬁn‘ g(d’) + Bnﬁn, 1 (B) == f2, n + S‘nun' 9 (a) - Qnun’ 1 (B) (ﬂ =0’ :t 1’ i 2’ .. ')
wherein we have used the notation

U, (@) =(cx®*—nN) J, (z) + 2], {x), Up o (z) = in [(J {x) — 2], ()]
¢=a for r=a, ¢=5b for z:ﬁ

Formulas for @i, and i, are obtained from u,,; and wuy,, by replacing J,, (z) and
I'n (2)by Hy (z) and H,' ().

Let us now make a change of unknowns 4 ,and B, by assuming

AnB, 1 (@) + Bni, , (B)=Cp
- Aﬂﬁn, 2 (Cl) + Bnﬁ'n, 1 (.B) = Dn

whereupon the system (8) takes the canonical form

Cn= D) L pp (@ B) Cp+ My, p (@ B) Dpl +f,
P

®
D= [Ny p B 0) Cp+Lp B W) Dpl+1, 5 (r=0, 11, £2,..0)
P
The following notation has been introduced for the coefficients in the system (9)
Crp B _ 1[5 ® DN E R o —
M p@B) B | 8,,0 ™ 7 5
@, ,(x) QY -
—Pr @) 2 D) Hy, BRI °33] (10)
Up 1 (@) ’ q s

Ay=i, (@8, @)+, ,@)a,, @)

Let us show that the determinant of the infinite system (9) is a normal-type determi-~
nant [3], To do this it is evidently sufficient to prove the convergence of the double

series 22 [Cn,p (@ B)] (11)
n P
To establish the convergence of the series (11) we need the upper bound of the abso~

Iute sum ’ ] .
u 1 S'S'a, (T Rg«;) expi (p— n) O (z =08, B8) 12)
q 8

which can be obtained by utilizing the following formulas from the theory of cylinder

functions : Hy n@)=H.() R, ,(2) —H,_ ;&) R, 3, (2)
R (2 _-_Qim (=) (m—=HIT v+ m—1 ( z el 13)
™Y T(m —2)IT (v+1) T)

1=0
Here R, (z) are Lommel polynomials [4], and § is the least distance between two
adjacent holes, Hence, assuming

v =0, m=lp—-nf,z=~g—}?gg
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we have after some manipulations (14)
- z . . .
|3 (B o0t o= O | <M1 Ry o G20 141 Ry G2 D)
g 3

where M is the greatest of the numbers

e, RON-Ip-nl+al
| (G ) emio-mep(E) | @sio—n
g s

g 3 ~jp-nli2l+1
i ? o4
lz 2 H, (—6— R;‘;) expi(p—n) 03 (_6'1_2)
q s
Proceeding from the Hurwitz limit relaionship [4]
1 vm
(‘_2_ z) Rm, v+l (z)

e T T(VEmED
let us write the inequality (14) for large values of |p — nl

(15
rey? z . 0 2 \lp7i-1 , .
DIPIE - (‘“5' Rqs) expi(p—n) 6| <M Fﬂ) (lp—ni—1)! V2 (@l=D|+TolilD]
q 8
Taking account of asymptotic formulas for cylinder functions with large index, as well
as the inequality (15), estimates for the members of the series (11) can be found from

the expressions (10) for large (|p| 4- |n| )- It follows from these estimates that the series
(11) is majorized by the convergent series

(n|+0% pl+12 pl a4\
33t &)
P

eA<<lp—n]l—1)

=J,(2)

fnitiplt

n
from which we draw a conclusion on the convergence of the former,

Therefore, the double series composed of absolute values of the coefficients of the
infinite system (9) also converges, and this means that the given system has a2 normal-
type determinant, Since the free members of the system (9) are bounded, then theorems
analogous to the Kramer theorems for finite systemns [3] are valid therein, The system
{9) has a unique bounded solution if its determinant is nongero, If this determinant is
zero, then the corresponding homogeneous system admits of a nontrivial solution, How-
ever, this latter cannot occur since undamped free vibrations cannot exist in the medium
under consideration,

Transformation of the sums into series (3) was admitted in the derivation of the system
(9), as was also their term by term differentiation, These operations are legitimate if
the Fourier coefficients of the right sides of the boundary conditions (2) have orders no
lower than O (n™).

Periodic problems of steady vibrations of a viscoelastic body are obtained as a parti-
cular case from those considered above,

BIBLIOGRAPHY

1, Science Surveys, Elasticity and Plasticity, 1965, Moscow, 1967,

2, Guz*, A, N, and Golovchan, V., T., On solutions of the fundamental
groblems of the theory of steady vibrations for an infinite plane with circuar

oles, Inzh, Zh, Mekh, Tverdogo Tela, N2, 1968,

3. Kantorovich,L,V, and Krylov, V,1,, Approximate Methods of Higher
Analysis, Moscow~Leningrad, Fizmatgiz, 1962,

4, Watson, G, N,, Theory of Bessel Functions, Moscow, IIL, 1949,

Translated by M, D, F,



